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When necessary, the equivalent point is computed by doing the perspective division.
Linear transformations are characterized by B=0,C=0,d =1, wy =1, and w; =
0. Affine transformations are characterized by C=0, d =1, wy =1, and w; = 0.
Perspective transformations occur when C # 0 and, as long as w; # 0, you obtain
the actual 3D projection point by doing the perspective divide.

Homogeneous transformations, specifically projective ones, are a major part of
culling and clipping of triangles against the planes defining a view frustum; see Sec-
tions 2.3.5 and 2.4.3. They also occur in special effects such as planar projected shad-
ows (Section 20.11), planar reflections (Section 20.10), projected textures (Section
20.12), and shadow maps (Section 20.13).

23 CAMERAS

Only a portion of the world is displayed at any one time. This region is called the view
volume. Objects outside the view volume are not visible and therefore not drawn.
The process of determining which objects are not visible is called culling. Objects
that intersect the boundaries of the view volume are only partially visible. The visible
portion of an object is determined by intersecting it with the view volume, a process
called clipping.

The display of visible data is accomplished by projecting it onto a view plane.
In this book I consider only perspective projection, as discussed in Sections 2.2.3
through 2.2.5. Orthogonal projection may also be used for viewing. In a graphics
API, this amounts to choosing the parameters for a projection matrix.

2.3.1 THE PERSPECTIVE CAMERA MODEL

Our assumption is that the view volume is a bounded region in space, so the projected
data lies in a bounded region in the view plane. A rectangular region in the view plane
that contains the projected data is called a viewport. The viewport is what is drawn
on the rectangular computer screen. The standard view volume used is called the view
frustum. Tt is constructed by selecting an eye point and forming an infinite pyramid
with four planar sides. Each plane contains the eye point and an edge of the viewport.
The infinite pyramid is truncated by two additional planes called the near plane and
the far plane. Figure 2.15 shows a view frustum.

The perspective projection is computed by intersecting a ray with the view plane.
The ray has origin E, the eye point, and passes through the world point X. The
intersection point is Y. Equation (2.42) tells you how to construct Y from X as long
as you know the eye point and the equation of the view plane, which I mention in the
next paragraph. The combination of an eye point, a set of coordinate axes assigned to
the eye point, a view plane, a viewport, and a view frustum is called a camera model.

The camera has a coordinate system associated with it. The camera origin is the
eye point E. The camera view direction is a unit-length vector D that is perpendicular
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Figure 2.15
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An eye point E and a view frustum. The point X in the view frustum is projected to
the point Y in the viewport.

to the view plane. This direction vector is chosen to point away from the observer,
so the eye point is considered to be on the negative side of the plane. If the view
plane is at a distance d;, from the eye point, measured in the D direction, then the
view plane normal to use in Equation (2.42) is N = —D and the view plane point
to use is P =E + d,,;,D. The camera up vector is the unit-length U vector chosen
to be parallel to two opposing edges of the viewport. The camera right vector is the
unit-length vector R chosen to be perpendicular to the camera direction and camera
up vector with R =D x U. The coordinate system {E; D, U, R} is a right-handed
system.

Figure 2.16 shows the camera model, including the camera coordinate system and
the view frustum. The six frustum planes are labeled with their names: near, far, left,
right, bottom, top. The camera location E and the camera axis directions D, U, and R
are shown. The view frustum has eight vertices. The near-plane vertices are V,;, Vp,p,
V,,, and V,,.. Each subscript consists of two letters, the first letters of the frustum
planes that share that vertex. The far-plane vertices have the name W and use the
same subscript convention. The equations for the vertices are

Vie=E+ dminD + UminU + rpinR
Vti =E+ dminD + umaxU + rminR

(2.51)
Vbr =E+ dminD + UuminU + rmaxR

Vi, =E+ dminD + UmaxU + rpaxR
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dimax

Wi =B+ =2 (dD 4t U + 7o)
min
dmax

Wi =E+ d._. (dminD + UmaxU + FminR)
min
dmax

W, =E+ d.. (dminD + iU + rpocR)
min
dmax

Wir =B~ (oD + U + iR
min

The near plane is at a distance d;, from the camera location and the far plane is at a

distance d,,,. These distances are the extreme values in the D direction. The extreme

values in the U direction are u,y;, and u . The extreme values in the R direction are
Fmin and 7oy

The equations of the six view frustum planes are provided here in the form that
is used for object culling. The near plane has inner-pointing, unit-length normal D.
A point on the plane is E + d,;;,D. An equation of the near plane is

D-X=D:(E+dpy,D) =D-E+dy, (2.52)

The far plane has inner-pointing, unit-length normal —D. A point on the plane
is E + d,,«D. An equation of the far plane is

-D-X=-D-(E+dy,,D)=—(D- E+dy,) (2.53)

The left plane contains the three points E, V,,, and V,,. A normal vector that
points inside the frustum is

(Ve —E) x (Vig = B) = (dinD + t4in U + rqinR) X (dppinD + 505U + rinR)
= (@minD + rminR) X (U U) + UginU) X (dginD + ripinR)
= (dpinD + rminR) X ((Upax — Umin)U)
= (Umax — Umin) @minD X U + rpiR x U)
= (Umax — Umin) ([@minR = rminD)

An inner-pointing, unit-length normal and the left plane are

d. ..R—r . D
m:l%_l%L, N,-(X—E)=0 (2.54)
dmin+rmin

An inner-pointing normal to the right plane is (V;, — E) x (V;,, — E). A similar
set of calculations as before will lead to an inner-pointing, unit-length normal and
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Figure 2.16

(a) A 3D drawing of the view frustum. The left, right, bottom, top, near, and far
planes are labeled, as are the eight vertices of the frustum. (b) A 2D drawing of the
view frustum as seen from the top side. (c) A 2D drawing of the view frustum as seen

from the right side.

the right plane:

— _dminR + rmaxD
d?. +r2

min max

N, N, - X—E)=0 (2.55)
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Similarly, an inner-pointing, unit-length normal and the bottom plane are

d iU — Ui, D
N, = % N, (X —E)=0 (2.56)
dmin+umin

An inner-pointing, unit-length normal and the top plane are

—d, U D
N, = —Gmin T L x _B) =0 (2.57)

d2

2
min + Winax

It is common when choosing a camera model to have an orthogonal view frus-
tum. The frustum is symmetric in that u,;, = —u . and ryin = —7max- The four
independent frustum parameters are dp.i;» dmax> Umax> aNd 7'max- An alternate way to
specify the frustum is to use the field of view in the U direction and the aspect ra-
tio for the viewport. In Figure 2.16 (c), the field of view is the angle 26,. The aspect
ratio is the width divided by height, in this case p = 1y, /¥max- The frustum is com-
pletely determined by specifying d, i dmax> 04> and p. The values for u,,,, and r .«
are determined from

Umax = dmin tan(eu)’ "max = PUmax (2.58)

The term orthogonal is used in this context to refer to the fact that the central axis
of the frustum is orthogonal to the near face of the frustum. It does not refer to an
orthographic projection.

Although every indication so far is that the projections of the points will be to the
entire rectangular viewport of the view frustum, there are circumstances when you
want to view a scene only in a subrectangle of the viewport. Using relative measure-
ments, the full viewport is thought of as a unit square, as shown in Figure 2.17.

The full viewport has relative coordinates between 0 and 1. A smaller viewport is
specified by choosing p,, p,, pp, and p, sothat0 < p, < p, <1land 0 < p, < p, <
1. These relative coordinates will come into play when computing the actual pixel
locations to draw in a window. The range of d values is [d ;> dmax])- A relative depth
range is [0, 1]. The value 0 corresponds to d,,;, and the value 1 corresponds to d,,.
Some applications might want the depth range to be a subset [p,,, p (] € [0, 1].

In summary, you specify a perspective camera model by choosing an eye point
E; a right-handed orthonormal set of coordinate axis directions D (view direction),
U (up direction), and R (right direction); the view frustum values d,,;, (near-plane
distance from the eye point), d,,, (far-plane distance from the eye point), r;,
(minimum in right direction), r,,, (maximum in right direction), u;, (minimum
in up direction), and u,,,, (maximum in up direction); the viewport values p, (left),
py (right), p;, (bottom), and p,(top); and the depth range p, (near) and p  (far).
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Figure 2.17  The full viewport of the view frustum is the full rectangle on the view plane. A smaller
viewport is shown.

2.3.2 MODEL OR OBJECT SPACE

Three-dimensional modeling packages have their own specified coordinate systems
for building polygonal models. I call the space in which the models are built model
space. Others sometimes call this object space. I suppose if you are used to the art
content being called models, you use model space, and if you are used to the content
being called objects, you use object space.

2.3.3 WORLD SPACE

The coordinate system that is most prominent in a game is the world coordinate
system, or world space. The choice is not important from a theoretical standpoint.
From a practical standpoint, the choice might be related to constraints you place on
the artists regarding the coordinate systems they use in their modeling packages. For
example, if a modeling package has the convention that the positive y-axis is in the
upward direction, then you might very well choose the world coordinates to use the
positive y-axis for the upward direction. Most likely if you chose a world coordinate
system for your previous project, you will choose the same one for the next project.

The main problem in dealing with both a world space and a model space is
positioning, orienting, and possibly scaling the models so that they are correctly
placed in the world. For example, Figure 2.18 (a) shows a tetrahedron built in a
coordinate system provided by a modeling package.

The tetrahedron vertices in model space are P, = (0, 0, 0), P, = (1, 0, 0), P, =
(0, 1,0),and P; = (0, 0, 1). We want each tetrahedron vertex P; to be located in world
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P1 =(1,0,0) QO
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P,=(0,0,1) Q;
z o R
(a) Object in model space (b) Object in world space

(a) A tetrahedron built in the model coordinate system. The origin is (0, 0, 0) and the
up direction is (0, 1, 0). (b) The tetrahedron placed in the world coordinate system
whose origin is O, whose view direction is D, whose up direction is U = (0, 0, 1),
and whose right direction is R.

space at the point Q; = O + d;D + u;U + r;R, 0 <i < 3. This is accomplished by
constructing an affine transformation that maps the point P to the point Q, and that
maps the vectors P; — P to the vectors Q; — Qq for 1 <i < 3. The transformation is

Q=Qy+ M(P —P)
where M (P; — Py) = Q; — Q. In algebraic terms, we need
M[P —P, P,—Py P3—Py|=[Q—-Q Q-Q Q—-Ql

where the two block matrices have columns using the vectors as indicated. The matrix
M is therefore

M=[Q-Q Q-Q Q—-Ql[P,—Py, P,—P;, P;—Py]"

The matrix M is said to be the model-to-world transformation for the tetrahedron,
sometimes called the model transformation and sometimes called the world transfor-
mation. Other transformations involved in converting model-space points to points
in other spaces have names that indicate the range of the transformation—the set of
outputs from the transformation. To be consistent with this terminology, I will use
the term world transformation.

Given a 3 x 3 matrix M, which represents scaling, rotation, reflection, shearing,
and other linear operations, given a 3 x 1 translation vector B, and given a 3 x 1
model-space point X ,,q4c> the corresponding 3 x 1 world-space point X q 1S
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generated by the homogeneous equation

Xworld _ M ‘ B Xmodel —H Xmodel (2 59)
1 - OT ‘ 1 1 — Hworld 1 .

The matrix H,q is the world matrix in homogeneous form. Naturally, as long as M
is invertible, we can map world-space points to model-space points by

Xmodel M~! ‘ -M~'B Xworld -1 Xworlcl
|: 1 = o ‘ 1 1 = Hworld 1 (2.60)

where H‘;Olr 14 18 the inverse world matrix in homogeneous form.
In the sample applications that ship with Wild Magic, the choice of the world
space varies. Any objects that are loaded from disk are repositioned or reoriented as

needed so that they are placed correctly in the world.

2.34 VIEW, CAMERA, OR EYE SPACE

So far we know about model space, the space where objects are created by the artists,
and we know about world space, the space for the game environment itself. The
objects are loaded into the game, but it is necessary to associate with them their world
transformations. Model-space points are mapped to world-space points as needed.

A world-space point may also be located within the camera coordinate system.
Once it is, the point is said to be in view space or camera space or eye space (all used
by various people in the industry). The point must be represented as

Xworld:E+dD+uU+rR
where {E; D, U, R} is the coordinate system for the camera. The coefficients are
d=D- (Xworld - B), u=U- (Xworld - B), r=R- (Xworld —B)

The eye point and camera directions are chosen to be consistent with your world
coordinate system. In the beginning, there was nothing—except for Cartesian space.
Your intent is to fill Cartesian space with your beautiful creations, and then place an
observer in the world to admire them. Of course, this requires you to impose a world
coordinate system. In many cases, you will have an idea of which direction you want
to be the up direction. Two directions perpendicular to the up direction are chosen to
complete your coordinate axes. The choice of origin is made. The world coordinates
are of your choosing. How you position and orient the observer is a separate matter.
Nothing prevents you from placing the observer on the ground standing on his head!
However, the typical placement will be to have the observer’s up direction align with
the world’s up direction. What the observer sees is determined by your camera model.





